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Abstract 
A Kirkman square with index 2, latinicity #, block size k and v points, KSk(v; #, 2), is a t x t 
array (t = 2(v -  1) /#(k-  1)) defined on a v-set V such that (1) every point of V is contained in 
precisely # cells of each row and column, (2) each cell of the array is either empty or contains 
a k-subset of V, and (3) the collection of blocks obtained from the non-empty cells of the array 
is a (v,k, 2)-BIBD. The existence of KS2(v; #,2) has been completely settled. The existence of 
a first class for k=3,  KS3(v; 1,2), was recently established in Lamken (1995). In this paper, 
we determine the spectrum of KS3(v; 2,4) with at most two possible xceptions for v. Our main 
construction uses partitioned generalized balanced tournament designs; it is the first case of 
a very general construction for KSk(v; #, 2). (~) 1998 Elsevier Science B.V. All rights reserved 
I .  Introduction 
A Kirkman square with index 2, latinicity/~, block size k and v points, KSk(V; #, )o), 
is a t x t array (t = 2(v -- 1)/lt(k - 1)) defined on a v-set V such that 
(1) every point of V is contained in precisely /1 cells of each row and column, 
(2) each cell of the array is either empty or contains a k-subset of V, and 
(3) the collection of  blocks obtained from the non-empty cells of the array is a 
(v, k, 2)-BIBD. 
The existence of a KSk(v;#,2) is equivalent o the existence of a ~-resolvable 
(v, k, 2)-BIBD with a pair of orthogonal /~-resolutions, [4,9]. Thus, the existence of 
a KSk(v; 1,2) is equivalent to the existence of a doubly resolvable (v, k, 2)-BIBD. 
The existence of  KS2(v; #, )~) has been completely settled. A KS2(v; 1, 1 ) is a Room 
square of  side v - 1, and the spectrum of Room squares was completed by Mullin and 
Wallis in [13]. 
Theorem 1.1 (Mullin and Wallis [13]). There ex&ts  a KSz(v; 1, 1) or a RS(v - l ) fo r  
v a pos i t ive integer, v==-O (mod2)  and v7~4 or 6. 
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The existence of KS2(v; 1,2) for 2>1 follows immediately from this for v_--0 
(mod2) and v¢4  or 6. The two small cases, KSz(v; 1,2) for 2>1 and v=4,6 are 
done in [17]. Necessary and sufficient conditions for the existence of KS2(v; #,2) for 
#~>2 are established in [4,9, 10]. 
Theorem 1.2 (Lamken [4], and Lamken and Vanstone [9, 10]). For positive integers 
v, 2 and #, #>12 such that 
(i) t = 2@-  1)/# is an integer, 
(ii) 2l#v, 
(iii) 2 > (#2/2), 
(iv) v ~> 22/(22 - #2), 
there exists a KS2(v;/~, 2). 
Despite considerable ffort during the past 20 years, the best result for doubly 
resolvable (v, 3, 1)-BIBDs or KS3(v; 1, 1 )s remains asymptotic. A necessary condition 
for the existence of a KS3(v; 1, 1) is v~3 (mod6). 
Theorem 1.3 (Rosa and Vanstone [14]). There exists a constant vl such that fo r  all 
v>~vl and v=_3 (mod6), there exists a KS3(v; 1, 1). 
Partitioned generalized balanced tournament designs and Kirkman squares are closely 
related, and we show in [5, 8] that the natural analogue of the Room square for block 
size k=3 is the KS3(v; 1,2). The existence of KS3(v; 1,2) has been recently estab- 
lished using constructions and ideas from the theory of partitioned generalized bal- 
anced tournament designs. A necessary condition for the existence of KS3(v; 1,2) is 
v = 0 (rood 3). 
Theorem 1.4 (Lamken [7]). Let v be a positive &teger, v=-O (mod3), v~6,9. 
There exists a KS3 (v; 1,2) except possibly for  v E { 72, 78, 90, 114, 117, 126 }. Further- 
more, there do not exist KS3(v; 1,2)for v = 6 and v = 9. 
In this paper, we consider the existence of KS3(v;2,4). Three infinite classes of 
KSa(v;2,4) were constructed in [11]. A necessary condition for the existence of a 
KSa(v;2,4) is v=0 (mod3). 
Theorem 1.5 (Lamken and Vanstone [11]). (i) There exists a KS3(v;2,4) which 
contains as a subarray a KS3(3; 2,4) fo r  v = 3 (mod 12). 
(ii) There exists a KSa(v;2,4) for  v=-6 (mod60). 
(iii) There exists a KS3(v;2,4) fo r  v=9 (mod96). 
The purpose of this paper is to show that we can now complete the spectrum of 
KS3(v; 2,4)s with at most two possible exceptions for v. Our main construction uses 
partitioned generalized balanced toumament designs; it is the first case of a very general 
direct construction for KSk(v; p, 2). 
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In the next section, we describe several constructions for KS3(v;2,4). Section 2 in- 
cludes some new recursive constructions which use frames with partitionable transver- 
sals. In Section 3, we describe a new direct construction for Kirkman squares which 
uses partitioned generalized balanced tournament designs. Finally, in Section 4, we 
apply these constructions to determine the spectrum of KS3(v; 2,4). 
2. Constructions 
In this section, we describe several constructions, both direct and recursive, for 
KS3(v;2,4). The first direct construction is a starter and adder construction. 
A starter S for a KS3(3n;2,4) defined on Z3,-1 U {oc} is a partition of 2(Z3,-1 L 
{co}) into 2n triples { {xl, yl ,z l  } . . . . .  {xz,-z, y2,-z,Z2n-2}, {cxZ, Ul,Vl }, {oC, uz, v2} } 
such that every non-zero element of Z3,-1 occurs precisely four times in the multiset 
{+(xi - -  yi), +(Xi --zi), +(yi - - z i ) l i  = 1,2 .. . . .  2n - 2} tO {~(ui - v i ) l i=  1,2}. A corre- 
sponding adder A(S) is a set of 2n distinct elements of Z3n-1, A(S)=(a l ,az  . . . . .  a2,), 
such that {xi + ai, yi + ai,zi + a i l i= l ,2  . . . . .  2n -- 2}U{Ul + a2n-l,t~l + azn-1}U 
{U2 + a2n, V2 + azn } = 2Z3n-1. 
Theorem2.1 (LamkenandVanstone [11]). I f  there exists a starter S for a 
KS3(3n; 2,4) and a corresponding adder A(S), then there is a KS3(3n;2,4). 
The KS3(6; 2,4) displayed in Fig. 1 is constructed from the starter 
S= {{0, 1,2}, {0, 3,4}, {oc,2,4}, {cx),3, 1}} 
and a corresponding adder A(S)= (0,4, 1,3). 
KS3(v;2,4) can also be constructed directly from KS3(v; 1, 1). 
Lemma 2.2 (Lamken and Vanstone [11]). I f  there exists a KS3(v; 1,1), then there 
exists a KS3(v;2,4) which contains as a subarray a KS3(3;2,4). 
A KS3(v; 1,2), A, is called complementary if there exists a KS3(v; 1,2), B, which 
can be written in the empty cells of A. The next result follows immediately from this 
definition. 
0,1,2 0,3,4 cc,3,1 zo,2,4 
co,3,0 1,2,3 1,4,0 oc,4,2 
e~,4,1 2,3,4 2,0,1 ~,0,3 
~z,l,4 oc,0,2 3,4,0 3,1,2 
4,2,3 ~,2,0 cx~,l,3 4,0,1 
Fig. 1. A KS3(6;2,4). 
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Lemma 2.3 (Lamken and Vanstone [11]). I f  there exists a complementary KS3 
(v; 1,2), then there exists a KS3(v;2,4). 
In the next section, we show that KS3(v;2,4) can also be constructed irectly from 
partitioned generalized balanced tournament designs. 
Our first recursive construction is a tripling construction from [11] which uses com- 
plementary KS3(v; 1,2). 
Theorem 2.4 (Lamken and Vanstone [11]). I f  there exists a complementary KS3(v; 
1,2) and a set o f  three mutually orthogonal Latin squares o f  side v, then there exists 
a KS3(3v;2,4) which contains as a subarray a KS3(3;2,4). 
The remaining constructions in this section use frames. Let V be a set of v elements. 
Let GI, G2 . . . . .  Gm be a partition of V into m sets. A {G1, G2 . . . . .  Gm}-frame F with 
block size k, index 2 and latinicity p is a square array of side v which satisfies the 
properties listed below. We index the rows and columns of F by the elements of V. 
(1) Each cell is either empty or contains a k-subset of V. 
(2) Let F/ be the subsquare of F indexed by the elements of Gi. Fi is empty for 
i = 1,2,... ,m. (The Fi's are often called the holes of the frame.) 
(3) Let j E Gi. Row j of F contains each element of V - Gi p times and column j
of F contains each element of V - Gi p times. 
(4) The collection of blocks obtained from the non-empty cells o fF  is a GDD(v; k; Gi, 
G2 . . . . .  Gk; 0,2). (See [16] for the notation for group divisible designs (GDD).) 
We will use the following notation for frames. If  [Gi[ =h  for i=  1,2 . . . . .  m, we 
call F a (p, 2;k,m,h)-frame. The type of a {GI,G2 . . . . .  Gm}-frame is the multi-set 
{]Gl ], [G2[ . . . . .  [Gm[}. We use exponential notation to describe the type of a frame; a 
u~ u2 ul Gj' s of cardinality ti, 1 <~ i <~ ~. flame has type t I t2 ... t7 if there are ui 
The next two recursive constructions are direct products for KS3(v; 2,4). 
Theorem 2.5 (Lamken and Vanstone [11]). I f  there exists a (2,4;3, m, 1)-frame, a 
KS3(n + 1;2,4) and three mutually orthogonal Latin squares o f  side n, then there is 
a KS3(mn + 1;2,4) which contains as a subarray a KS3(n + 1;2,4). 
Theorem 2.6 (Lamken and Vanstone [1 l]). I f  there exists a (2,4; 3, m, h )-frame, a 
KS3(hn + w;2,4) which contains as a subarray a KS3(w;2,4) (w~>3) and three mu- 
tually orthogonal Latin squares o f  side n, then there is a KS3(hnm + w;2,4) which 
contains as a subarray a KS3(w;2,4). 
These product constructions are special cases of the basic flame construction using 
uniform frames. Several of the constructions described in Section 4 use the more 
general form of the basic flame construction. Since the proof is similar to that of [7, 
Theorem 3.6], we omit it. 
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Theorem 2.7 (Basic frame construction). Suppose there exists a {G1, G2 . . . . .  Gin} 
-frame F with block size 3, index 4 and latinicity 2. I f  there exists a KS3(IGi[ + 
w;2,4) which contains as a subarray a KS3(w;2,4)for all i, 1 <~i<~m, then there is 
K m a S3(Ei = l[Gi[ + w; 2,4) which contains as a subarray a KS3(w; 2,4). 
It is easy to modify this construction if one of the smaller Kirkman squares does 
not contain as a subarray a KS3(w;2,4). 
Corollary 2.8. Suppose there exists a {G1, G2 .. . . .  Gm}-frame F with block size 3, 
index 4 and latinicity 2. I f  there exists a KS3(IG/] + w;2,4) which contains as a 
subarray a KS3(w;2,4) for  i=  1,2 .. . . .  m-  1 and a KS3(Iam[ +w;2,4),  then there is 
K m [Gil + w;2,4). a S3(~:  1 
We use group-divisible designs and uniform (2,4; 3,k, t)-frames to construct frames 
with larger hole sizes. 
Theorem 2.9 (Group divisible design construction). Let G be a GDD(v;K; Gl, 
G2 .. . . .  Gin;0,1). Suppose there exists a (2,4;3,k,t)-frame for each kEK  and a 
KS3(tlGi[+3;2,4) which contains as a subarray a KS3(3; 2,4) for  each i, i= 1,2 .. . . .  m. 
Then there exists a KS3(tv + 3;2,4) which contains as a subarray a KS3(3;2,4). 
Proof. We use the basic frame construction together with the standard PBD construc- 
tion (or group divisible design construction) [15,18] for frames to construct a {tlG1 l, 
t]G2l . . . . .  t[Gml}-frame with block size 3, index 4 and latinicity 2. [] 
We can also use Corollary 2.8 instead of the basic flame construction. 
Corollary 2.10. Let G be a GDD(v;K; G1, G2,..., Gin; 0, 1). Suppose there exists a 
(2, 4; 3, k, t )-frame for each k E K and suppose there exists a KS3(t IGil+ 3; 2, 4) which 
contains as a subarray a KS3(3; 2, 4 ) fo r  i=  1,2 . . . . .  m-  1 and a KS3(t IGml+ 3;2, 4). 
Then there is a KS3(tv + 3;2,4). 
The next two constructions u e frames with special types of transversals to construct 
non-uniform frames. 
Let F be a (2, 4; 3, n, 3)-frame defined on a set V, IV[ = 3n. F has a complete ordered 
partitionable transversal, T, if T satisfies the following properties. 
(1) T contains 3n triples which can be partitioned into three sets of n triples, TI, 1"2 
amd T3, such that every element of V occurs precisely once in T,., i --  1,2, 3. 
(2) The triples in T can be ordered so that every element in V occurs precisely once 
in the jth position of a triple for j = 1,2, 3. 
The starter-adder construction for (2,4;3,n, 3)-frames [6,12] can be used to find 
examples of (2, 4; 3,n, 3)-frames with complete ordered partitionable transversals. 
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We can also use frames with holey ordered partitionable transversals to construct 
non-uniform frames. 
Let F be a (2,4;3,n, 3)-frame defined on VU W where [W] =3 and the last hole is 
defined on W. F has a holey ordered partitionable transversal T of the [V[ × ]V t array 
indexed by V if T satisfies the following properties. 
(1) T contains 3 (n -  1) triples which can be partitioned into three sets of n triples, 
T1,/'2 amd T3, where every element of V occurs precisely once in Ti, i = 1,2, 3. 
(2) The triples in T can be ordered so that every element in V occurs precisely once 
in the jth position of a triple for j = I, 2, 3. 
In this case, the intransitive starter-adder construction [6] for frames can be used to 
find examples of (2, 4; 3, n, 3)-flames with holey ordered partitionable transversals. 
The next constructions also require the existence of incomplete orthogonal arrays, 
IA(n,k,s)s. Let V be a finite set of size n. Let K be a subset of V of size k. An 
incomplete orthogonal array IA(n,k,s) is an (n 2 -  k 2) x s array written on the symbol 
set V such that every ordered pair of V x V - (K x K)  occurs in any ordered pair 
of  columns from the array. An IA(n,k,s) is equivalent o a set of s -  2 mutually 
orthogonal Latin squares of order n which are missing a subsquare of order k. (An 
IA(n,k,s) is also known as a TD(s,n) - TD(s,k), [2]). We need not be able to fill in 
the k x k missing subsquares with Latin squares of order k. 
Theorem 2.11. Suppose there exists 
(1) a (2, 4; 3, n, 3)-frame with a set S of 2( complete ordered partitionable transver- 
sals, S = {T 1, T 2 . . . . .  T2{}, 
(2) three mutually orthogonal Latin squares of side m, 
{ 
(3) IA(m + (j, Ej, 5) where ~-~j = 1 Ej = k, 
(4) a KS3(3m + 3;2,4) which contains as a subarray a KS3(3;2,4), and 
(5) a KS3(3k + 3;2,4). 
Then there is a KS3(3nm + 3k + 3;2,4). I f  the KS3(3k + 3;2,4) contains as a 
subarray a KS3(3;2,4), then the KS3(3nm + 3k + 3;2,4) also contains as a subarray 
a KS3(3; 2,4). 
n Proof. Let V = Ui = 1 ~ where IV/]= 3 for all i. Let F be a (2, 4; 3, n, 3)-frame defined 
on V with a set of 2{ complete ordered partitionable transversals, S = {T t, T 2 . . . . .  T21}. 
let J J TI,T ~ and T~ denote the partitioning of transversal TJ; T/ contains n triples 
which partition V for i = 1,2, 3. We consider the transversals, TJ and T j+~, paired 
for j=  1 . . . . .  •. 
Let M= {1,2 . . . . .  m}. Let L~,L2 and L3 be a set of three mutually orthogonal Latin 
squares of side m defined on M. L will be the array of triples formed by the superposi- 
tion of Li,L2 and L3, L=L1 oL2 oL3. Lx,x2x3 will denote the array formed by replacing 
each triple (Yl, Y2, Y3) in L with the triple ((y~,xl), (y2,x2), (y3,x3)). 
We use an IA(m + fj, f j ,5)  to construct a set of three mutually orthogonal Latin 
squares, Nj(xl),Nj(x2),Nj(x3), which are missing subsquares of order (j. (The 
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subsquares of order (j need not exist.) We define Nj(xi) on the set (M x {xi})U~ij 
where I/~/I =:j and fl~/=[.-J/k'=~ ~/k. The missing subsquare of Nj(xi) of order (j is 
defined on the set flij. Let Nj(xl,x>x3) be the array of triples formed by the super- 
position of Nj(Xl ), Nj(x2 ), Nj(x3 ), Nj(xl,x> X 3 ) : Nj(X1 ) 0 N/(x 2 ) o Nj(x 3 ). Nj(xI, x2, x3 ) 
can be written in the following form: 
• _ , m 
Nj(Xl,X2,X3) = ~  
where X=(XI,X2,X3). O is an empty square array of side :j, Dj(~) is a square array 
of  side m, Ej(Y) is an m x fj array, and Fj(Y) is an # x m array. 
We now use F to construct a frame with block size 3, 2=4 and #=2 of type 
(3m)n(3k + 3) defined on W = (M x V) @ {flij ]i = 1,2, 3, j = 1,2 . . . . .  (}, [W] = 3nm + 
3k. We first construct a 3ran x 3ran array from F as follows. If (xl,x2,x3) is a triple in 
F -  S, replace (xl,x2,x3) with the m x m array Lx,x2x~. If (xl,x2,x3) is an ordered triple 
in transversal TJ or T j+:" for j=  1,2 . . . . .  (, in S, replace (xj,x2,x3) with the m x m 
array Dj(Y). All empty cells of F are replaced by m x m empty square arrays. The 
resulting array F1 has a diagonal of empty square subarrays of side 3m. 
We add 3:  new rows and 3:  new columns to F1. Suppose ~J contains the triple 
(xj,x2,x3) in row r of F. Then we place (xl,x2,x3) in row r of a column vector C~ 
for j=  1,2 . . . . .  (. If T~ contains (xl,x2,x3) in row r for j= :+ 1 . . . . .  2:, then we place 
(xl,x2,x3) in row r of the column vector C {-: .  If T j contains (Xl,X2,X3) in row r for 
j= :  + 1 . . . . .  2:, then we place (xl,x2,x3) in row r of the column vector C~-:. If TJ 
contains (xl,x2,x3) in row r for j= :  + 1 . . . . .  2:, then we place (xl,x2,x3) in row r 
of the column vector C~ - / .  Each C { will contain 2n triples; the other cells will be 
empty. Next suppose T j contains the triple (xl,x2,x3) in column r of F. Then we place 
(xl,x2,x3) in column r of a row vector R{ for j = 1,2 . . . . .  : .  If T~ contains (xl,x2,x3) 
in column r for j= :  + 1 . . . . .  2(, then we place (Xl,X2,X3) in column r of  the row 
vector R j :~. If T j contains (xl,x2,x3) in column r for j= :+ 1 . . . . .  2:, then we place 
(xl,x2,x3) in column r of  the row vector R~-:. If T~ contains (xl,x2,x3) in column 
r for j= :  + 1 . . . . .  2(, then we place (xl,x2,x3) in column r of the row vector R( - / .  
Each R/ will contain 2n triples; the other cells will be empty. We now expand these 
vectors. Replace each triple (xbx2,x3) in C{ with the m x : j  array Ej(~) and replace 
each triple (x,,x>x3) in RJi with the ( j)(  m array Fj(~). Label the resulting arrays cJi * 
and R [*. 
Let cg=[C~*,c~l* cq* c':* r : *  ~,/* ~,:* ~2 ,~3 ' ~1 '~2 ,C3/*] and let .&=[R]*,  ~j* p l ,  " ' '~  * '2  '~3  , ' ' ' ,~1  , '~2  , 
R3/*]. ~ is an m x (3 ~=1 : / )=mx 3k array and ~ is a 3k x m array. 
We add the arrays Z and ~ to FI as follows: 
FI 
F2= 
:~ E 
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The resulting array F2 is a 3mn + 3k square array. E is an empty square array of side 
3k. F2 is a frame of type (3m)n(3k) (block size 3, # = 2 and 2 = 4) where the holes 
are defined on (M x V/) for i=  1,2 . . . . .  n and t= {flij 1i----1,2,3, j=  1,2 . . . . .  E}. 
We complete the construction by using Corollary 2.8 with w- -3  using KS3(3m + 
3;2,4) defined on (M x V/)U {OOl,CC2,cx~3} for i = 1,2 . . . . .  n and a KS3(3k + 3;2,4) 
defined on flU{~X~l,(XD2,(x~3}. [] 
The next construction uses frames with holey ordered partitionable transversals. Since 
the proof is similar, we omit it. 
Theorem 2.12. Suppose there exists 
(1) a (2, 4; 3, n, 3)-frame with a set S of 2d holey ordered partitionable transversals, 
S = {T 1, T 2 . . . . .  T2t}, 
(2) three mutually orthogonal Latin squares of side m, 
d (3) IA (m+ ?j, dj,5) where ~ j= l  dj=k, 
(4) a KS3(3m + 3;2,4) which contains as a subarray a KS3(3;2,4), and 
(5) a KS3(3m + 3k + 3;2,4). 
Then there is a KS3(3nm + 3k + 3;2,4). I f  the KS3(3m + 3k + 3;2,4) contains as a 
subarray a KS3(3; 2,4), then the KS3(3nm + 3k + 3; 2,4) also contains as a subarray 
a KS3(3; 2,4). 
3. Partitioned generalized balanced tournament designs and Kirkman squares 
In this section, we describe a direct construction for Kirkman squares which uses 
partitioned generalized balanced toumament designs. 
A generalized balanced tournament design, GBTD(n,k), defined on a kn-set V, is an 
arrangement of the blocks of a (kn, k, k - 1)-BIBD defined on V into an n × (kn - 1) 
array such that 
(1) every element of V is contained in precisely one cell of  each column, and 
(2) every element of V is contained in at most k cells of each row. 
This generalizes the idea of a balanced tournament design and we note that a 
GBTD(n,2) is a BTD(n). 
A simple but very important observation is stated in the next lemma. 
Lemma 3.1. Every element of a GBTD(n,k)  is contained k times in (n -1 )  rows and 
(k -  1) times in the remainin9 row. 
Let G be a GBTD(n,k).  An element which is contained in only k -  1 cells of row 
i of  G is called a deficient element of row i. It is easily seen that each row of G 
contains exactly k deficient elements. These elements are called the deficient k-tuple 
of row i. The deficient elements of row i need not occur in a common block of row i. 
Lemma 3.2. The deficient k-tuples of G partition the set V into n k-tuples. 
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Let C=(CI ,C2  . . . . .  Cn) T where Ci, 1 <~i<<.n, is the deficient k-tuple of  row i of G. 
If C occurs as a column in G k - 1 times, G is said to have Property C. 
Let G be a GBTD(n,k) defined on V. Suppose we can partition the columns of G 
into k + 1 sets B1,B2 . . . . .  Bk+l where [Bi]=n for i=1 ,2  . . . . .  k - 2, ]Bi]=n - 1 for 
i=k-  1, k and IBk+ll = 1 such that 
(1) every element of V occurs precisely once in each row and column of Bi for 
i - -  1,2 . . . . .  k -  2, and 
(2) every element of V occurs precisely once in each row and column of Bi UBk+I 
fo r i=k-  1 and i=k .  
Then the GBTD(n,k), G, is called partitioned and we denote the design by PGBTD 
(n,k). Let C=(CI ,C2  . . . . .  C,) T where G, l<~i<~n, is the deficient k-tuple of row i 
of G. It is clear that if G is partitioned then Bk+l = C. I f  G is partitioned and has 
Property C, then each of the n × n arrays, BI,B2 . . . . .  Bk-2 will contain a copy of C as 
a column. To illustrate these definitions, a PGBTD(8,3) with Property C is displayed 
in Fig. 2. This is the smallest known nontrivial example of  a PGBTD(n,k) with k =3.  
The existence of partitioned generalized balanced tournament designs is equivalent 
to the existence of KSk(nk; 1, k) in diagonal form. Let K be a KSk(nk; 1, k -  1 ) defined 
on V. K is said to be in diagonal form if it can be written in the following form: 
A F1 
F :E  
D1 
( , )  K= D2 
Dk-2 
A is an n × n array which contains n k-tuples along its diagonal. F1 is an n × n - 1 
array of k-tuples; F2 is an n - 1 × n array of  k-tuples; and E is an n - 1 × n - 1 empty 
array. Each of the arrays Di, 1 ~ i~k-  2, is an n × n array of  k-tuples. All of the 
remaining cells of K are empty. 
The following equivalence is one of the main results in [5]. 
Theorem 3.3 (Lamken [5]). There exists a PGBTD(n,k) i f  and only i f  there exists a 
KSk(nk; 1,k - 1) in diagonal form. 
We can also use PGBTDs to construct Kirkman squares with # ~> 1. Let K be a 
KSk(v; #, 2). K has t - (l~v/k) = s empty cells in each row and column. If K contains 
an s × s empty subarray, then K is said to have a maximum empty subarray. 
Theorem 3.4. I f  there exists a PGBTD(n, k ), then there exists a KSk(nk;/~,/2(k- 1)) 
for  1 <<.#<~k- 1. Furthermore, there exists a KSk(nk ;k -  1, (k -  1) 2) with a maximum 
empty subarray. 
Proof.  Let P be a PGBTD(n,k) defined on a set V, IV l=nk.  We write P as a 
KSk(nk; 1 ,k -  1) in diagonal form with A,F1,Fz,E and D1,D2 . . . . .  Dk-2 defined as 
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013 91318 14209 ¢~168 ~172 71011 7615 51219 
81419 ;3102 all17 145 3' 09 151618 3712 61320 
c~511 161920 3'153 91012 1816 3813 /3417 7140 
7918 346 12160 1727 /31911 a205 101314 8151 
61015 11171 /3135 a1420 478 3'312 18190 9162 
~720 (~814 1512 3'186 121315 049 61116 i0173 
131617 3'120 679 15193 20510 /3114 ~28 11184 
2412 5715 81018 11130 14163 17196 2019 ~/33' 
B, 
141718 3'131 7810 16204 0611 ~215 
124 101419 1505 /3179 c~183 81112 
91520 /3113 a1218 256 3'110 161719 
(~612 17200 7164 101113 1927 3914 
31019 457 13171 1838 /32012 c~06 
71116 12182 /3146 al50 589 3'413 
/380 ~915 2023 -/197 131416 1510 
3513 6816 91119 12141 15174 18207 
B2 
a39 
3'716 
4813 
/3518 
111415 
19201 
61217 
0210 
,391 (~ i016 034 3'208 141517 2611 71318 51219 
151819 3'142 8911 1705 1712 /3316 2410 61320 
235 i i1520 1616 /31810 a194 91213 7817 7140 
10160 /3124 ~1319 367 3'211 171820 5914 8151 
~713 1801 3'175 Ii1214 2038 41015 /3619 9162 
71120 568 14182 1949 /3013 ~17 121516 10173 
81217 13193 L3157 (~161 6910 3'514 2002 ii184 
4614 7917 i01220 13152 16185 1908 1311 ~/33' 
/33 B4 
Fig. 2. [B1BzB3B4] is a PGBTD(8,3). 
above in ( , ) .  We use p copies of A,F1,F2 and of  each Di for i=  1,2 . . . . .  k -  2 to 
construct a KSk(nk;/~,/~(k - 1 )). For convenience, let ~ be the multiset which contains 
p copies of each Di for i = 1 ,2 , . . . , k  - 2, and let D represent an element of  ~ .  Note 
that ]~[=/~(k -  2). Let p=m+ 1, and let re+f  =k-2 .  
We first construct he following (nk - 1) × (nk - 1) array K: 
A F1 D . . .D  
F2 E F2 ...F2 
L S 
K= D F~ 
i i T  M 
D F1 
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L is an n( × n(  array; M is an nm × nm array; S is n( × nm and T is nm x n#. K 
contains # copies of F1 and # copies of F2. We need to place # copies of  A in M 
and the remaining copies of D in L, S, T and M. There are three cases to consider. 
Case (i): Suppose m>( .  Then we fill in S and T with mE copies of D in each, 
and we place ( copies of  D in L along the diagonal. M is constructed cyclically from 
the first row: [AD. . .DO. . .O]  with m + 1 - ( (  + 2) copies of D (the O indicates an 
empty array). M has the following form: 
M= 
m O , , ,  
O A D 
D ... D 
D O O 
... D O 
• . " , ,  
O O A 
K now contains (m + 1)(k - 2) copies of D: 2m (first row, column) + 2m( (from S 
and T ) +?  (from L) +m(m+ 1- ( (+2) )  (from M) =2m+2mE+(+m2+m-m(  - 
2m = m 2 +m+m(k-2 -m)+k-2 -m = mk +k-2 -2m = (k -  2)(m + 1 ) = (k -2 )#.  The 
last step is to replace the copies of D with # copies of each Di for i = 1,2, . . . ,k  - 2. 
It is straightforward to verify that every element occurs m + 1 = # times in each row 
and column of K. Since K contains # copies of the blocks of  an (nk, k, k - 1 )-BIBD, 
K is a KSk(nk ;#,#(k -  1)). 
Case (ii): Suppose m<¢.  In this case, S and T will be empty arrays. M is con- 
structed cyclically form the first row: [AD. . .D]  with m - 1 copies of  D, and L is 
constructed cyclically from a first row with m + 1 copies of D, [D . . .DDO. . .  0]. K 
contains 2m+m(m-  1)+( (m+ 1) = mZ+m+(m+ 1) (k -2 -m)  = mk+k-2-2m = #(k -2)  
copies of  D. The last step is to replace the copies of D with # copies of each Di for 
i=  1,2 . . . . .  k -  2. It is easy to verify that K is a KSk(nk ;p ,p (k -  1)). 
Case (iii): Suppose m = (. In this case, L is filled in with (2 copies of  D. M is 
constructed cyclically from the first row, [ADD. . .DO] with m-  2 copies of D. S and 
T are square arrays of  side m; place m copies of D in each along the main diagonal. 
Once again, we check the number of copies of D. K contains 2m + m 2 + m(m - 
2) + 2m=2m2+ m=2m(m + 1)=(k -2)#.  The last step is to replace the copies of  
D with # copies of each Di for i = 1,2 . . . . .  k - 2. It is easy to verify that K is a 
KSk(nk; #, #(k - 1 )). 
Finally, we note that if # = k - 1, then m = k - 2 and ? = 0, and K has the following 
form: 
K= 
A F1 D D 
F2 E F2 F2 
D F1 A D 
. , .  O 
F2 
D 
D F1 D D A 
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The only empty cells are in E, the (n - 1)x (n - 1) empty subarray. Thus, K is a 
KS~(nk ;k -  1, (k -  1) 2) with a maximum empty subarray. [] 
The first case of this construction with #> 1 provides a direct construction for 
KS3(v; 2,4). 
Corollary 3.5. I f  there exists a PGBTD(n,3), then there is a KS3(3n;2,4) with a 
maximum empty subarray. 
In this case, K has the following form: 
A F ID  
K= F2 E IF2 
DF1A 
It is interesting to note that although K contains two copies of the blocks of a 
PGBTD(n,3), it does not contain a KS3(3n; 1,2) in diagonal form as a subarray. 
Theorem 3.4 can also be used to construct a KS3(3n; 2, 4) with a subdesign. 
Corollary 3.6. I f  there exists a PGBTD(n,3) with Property C or a PGBTD(n,3) 
which contains as a subarray a PGBTD(1,3), then there is a KS3(3n;2,4) which 
contains as a subarray a KS3(3; 2,4). 
Proof. If the PGBTD(n,3) contains as a subarray a PGBTD(1,3), say [xyz xyz], then 
it is easy to construct A and D with {x,y,z} in the upper left hand corner of each 
array. Then K contains 
I; yz  x yz] , 
yz  x yzJ 
a KS3(3;2,4), as a subarray. [] 
4. The existence of KS3(v; 2, 4) 
In this section, we determine the spectrum of KS3(v; 2,4) with at most two possible 
exceptions for v. We recall that a necessary condition for the existence of a KS3(v; 2, 4) 
is v=-0(mod3). 
Our main construction is the direct construction, Corollary 3.5. In order to apply 
this construction, we need the following existence result for PGBTD(n, 3). Let N be 
the set of 165 numbers listed in Table 1. 
Theorem 4.1 (Larnken [8]). There exist PGBTD(n,3 ) for n a positive inteoer, n~>8, 
except possibly for n E N. 
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Table 1 
N 
10 13 14 15 16 17 18 20 21 22 23 24 26 27 29 
30 32 33 34 35 38 39 40 42 44 47 48 52 53 54 
55 58 59 62 66 68 69 70 71 77 80 85 86 87 90 
93 94 95 98 104 106 107 112 113 114 115 116 118 119 123 
124 125 126 128 129 130 138 140 141 142 143 146 147 148 149 
150 155 156 159 160 161 164 165 166 167 168 170 173 174 175 
178 179 182 184 186 187 191 192 194 195 196 197 202 205 211 
212 213 214 216 219 220 222 230 238 239 240 242 245 247 250 
256 257 259 263 264 266 268 272 273 274 282 290 292 294 305 
310 312 314 318 319 320 322 326 327 335 340 349 354 362 363 
380 381 383 398 402 412 428 429 438 440 445 446 447 454 458 
Using this result together with Corollary 3.5, we can construct KS3(v;2,4) for 
v - 0 (mod 3) with t 72 exceptions for v. 
Theorem 4.2. Let v_--0,(mod3), v~>24 and v/3 ~N. Then there exists a KS3(v;2,4) 
with a maximum empty subarray. 
Direct constructions can also be used for small values of v. 
Lemma 4.3. There exists a KS3(v; 2, 4) for v =- 0 (rood 3) and 3 <~ v <~ 30. 
Proof. The array 
[1123 12331 
23 12 
is a KS3(3;2,4). KS3(v;2,4) for v=6 and v=9 are displayed in Figs. 1 and 3, 
respectively. Starters and adders for KS3(v;2,4) for v E { 12,18,21,30} are listed 
in the Appendix. A KS3(15;2,4) which contains as a subarray a KS3(3;2,4) is dis- 
played in Fig. 4. Finally, KS3(v;2,4) which contain as a subarray a KS3(3;2,4) for 
v = 24 and v = 27 are constructed using PGBTD(n, 3) with Property C for n = 8 and 
n=9.  [] 
There are 164 values of v left to consider, v/3>~ 10 with v/3 CN. Several of these 
can be done using Theorem 1.5(i). 
Lemma 4.4. There exist KS3(v; 2, 4) for v E { 39, 51,63, 87, 99, 159,207, 231,255,279, 
339, 375,387,423,447,495, 519, 591,615,639, 735,771, 819, 915,1047,1143,1287, 1335}. 
Proof. In each case, v -3  (mod 12) and we can apply Theorem 1.5(i). [] 
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1,2,3 4.5,6 7,8,9 1,4,7 2.5,8 3.619 
1,2,3 4,5,6 7,8,9 1,4,7 2,5,8 3,6,9 
7,8,9 1,2,3 4,5.6 3,6,9 1,4,7 2.5,8 
4,5,6 7,8,9 1,2,3 2,5,8 3,6,9 1,4,7 
i.5.9 3,48 2,6,7 1,6,8 3,5,7 2,4,9 
1,5,9 3,4,8 2,6,7 1,6,8 3,5,7 2,4,9 
2,6,7 1,5,9 3,4,8 2,4,9 1,6,8 3,5,7 
3,4,8 2,6,7 1,5,9 3,5,7 2,4,9 1,6,8 
Fig. 3. A KS3(9;2,4). 
00.0,7 3.11,13 2,12,11 6,12,8 4,l,2 00,0,7 3,6,5 1,9,13 5,9,10 4,10,8 
o0,1,8 4,12.7 3,13,12 0,13,9 5,2,3 5,11,9 oo,1,8 4,0,6 2.10,7 6.10,11 
6,3,4 oc,2,9 5,13,8 4,7,13 1,7,10 6,12,10 oo,2,9 5,1,0 3,11,8 0,11,12 
2,8,11 0,4,6 00,3,10 6,7,9 5,8,7 1,12,13 0,13,11 oo,3,10 6,2,1 4,12,9 
6,9,8 3,9,12 1,5,6 oo,4,11 0,8,10 5,13,10 2,13,7 1,7,12 oo,4,11 0,3,2 
0,10,9 4,10,13 2,6,0 oo,5,12 1,9,11 1,4,3 6,7.11 3.7,8 2.8,13 I oo,5,12 
2.10,12 131,10 5,11,7 3,0.1 00,0,13, 2,5,4 0,8,12 4,8,9 3,9,7 oo,6,13 
00,0,7 3,6,5 1,9,13 5,9,10 4,10,8 00,0,7 3,11,13 2,12,11 6,12,8 4,1,2 
5,11,9 oo,1,8 4,0,6 2,10,7 6,10,11 oo,1,8 4,12,7 3,13,12 0,13,9 5,2,3 
6,12,10 o0,2,9 5,1,0 3,11,8 0,II,12 6,3,4 00,2,9 5,13,8 4,7,13 1,7.10 
1,12,13 0,13,11 oo,3,10 6,2,1 4,12,9 2,8,11 0,4,5 oo,3,10 6,7,9 5,8,7 
5.13.10 2,13,7 1,7,12 ~,~,11 0,3,2 6,9,8 3,9,12 1,5,6 oo,4,11 0,8.10 
1.1.3 6,7.11 3,7,8 2,8,13 00,5,12 0,10,9 4,10,13 2,6,0 oo,5,12 1,9,11 
2.5.4 0,8,12 4,8,9 3,9,7 00,6,13 2,10,12 1,11,10 5,11,7 3,0,1 00,6,13 
Fig. 4. A KS3(15;2,4). 
We use the constructions described in Section 2 to take care of the remaining cases 
(with, at present, two possible exceptions). In order to apply these constructions, we 
need some existence results for frames with block size 3 and for group divisible designs 
(GDDs). 
Theorem 4.5 (Lamken [6] and Lamken and Vanstone [12]). There exist (2,4;3,m,3) 
-frames for m ~ 5 except possibly for m E M = { 10, 14, 18, 20, 22, 24, 28, 32, 34, 39 }. 
Lemma 4.6. (i) There exists a (2,4;3,6,3)-frame with a set of four complete ordered 
partitionable transversals. 
(ii) There exists a (2, 4; 3, 8, 3)-frame with a pair of complete ordered partitionable 
transversals. 
Proof. (i) A starter S for a (2,4;3,6,3)-frame is
{{11, 13, 14}, {3, 17, 16}, {4, 14, 5}, {8, 9, 16}, {2, 15, 17} 
{2,7,9},{1,3, 10},{1,4,8},{5, 10, 13},{15,7, 11}} 
and a corresponding adder is (2, 11,3, 13,5, 1, 10, 15,4,8) [12]. The triples {3, 17,6}, 
{8,9,16},{2,7,9} and {15,7,11} each generate a complete ordered partitionable 
transversal. 
E.R. Lamken/Discrete Mathematics 186 (1998) 195-216 209 
(ii) Let S={{1,2 ,3} ,{4 ,7 ,  13},{5, 12,23},{6, 17,21},{9, 14, 19},{10,20,22}, 
{11,15,18}} and let A=(2,  18,7,20, 1,13,3). Then S U ( -S )  is a starter for a (2,4; 
3,8,3)-frame and A U ( -A)  is the corresponding adder, [12]. The triples, {1,2,3} and 
- { 1,2, 3 } = {23, 22, 21 }, generate a pair of complete ordered partitionable transversals 
for the frame. [] 
Group divisible designs can easily be constructed by truncating roups of transversal 
designs. It will be useful to have some additional notation for GDDs. Let G be a 
GDD(v;K; G1, G2 . . . . .  Gin; 0, 1). The type of G is the multiset { [G11, IG2[ . . . . .  [Gm[} .  G 
has type 9~' 9~ 2... 0~ ' if there are ui Gj's of cardinality 9i, 1 ~<i~< m. G is often denoted 
as a K - GDD of type 91'9~ 2..- 9~'. A transversal design, TD(k,n), is a GDD which 
has k groups of size n and block size k (21 =0 and 22 = 1) or a {k}-GDD of type 
n k. It is well known that a TD(k + 2,n) is equivalent to the existence of a set of k 
mutually orthogonal Latin squares of side n. For existence results on TD(k, n), we refer 
to [1]. 
We use the following standard constructions from truncating transversal designs; see 
for example [3]. (Sets of mutually orthogonal Latin squares are required to insure 
certain group types in (ii) and (iii).) The notation 9* in the group type means that 
there is only one group of type 9 in the group divisible design. 
Lemma 4.7. Suppose there ex&ts a set of s mutually orthogonal Latin squares of 
side n. Let i and j be non-negative integers uch that 0 <~i,j<~n. 
(i) There exists an {s,s + l,s + 2}-GDD of type (n)S(i)(j). 
(ii) There exists an {s,s + I,n,i}-GDD of type sn--i(s ÷ 1) i. 
(iii) Let j=0  and i<n. There exists an {s,s + 1,n,i}-GDD of type sni *. 
We first take care of some special cases. 
Lemma 4.8. There exists KS3(v; 2, 4) Jbr v = 42, 48. 
Proof. Starter and adder pairs (Theorem 2.1) are listed in Table 2. [] 
Lemma 4.9. There exist KS3(v; 2,4) for v E { 45, 54, 72, 90 }. 
Proof. In each case we use the tripling construction, Theorem 2.4. Starters and adders 
for a complementary KS3(15; 1,2) are listed below: 
S ~,0 ,7  8,12,13 3,4 6 1,9,11 2,5,10 
A 0 11 9 7 1 
cx~,0,7 6,2,1 11,10,8 13,5,3 12,9,4 
3 6 8 10 2 
Starters and adders for complementary KS3(n; 1,2) for n E {18,24, 30} are listed in 
the appendix (These were constructed in [11], but the starters were not clearly indicated 
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Starter and adder for a KS3(42; 2, 4) 
S cx~,0,13 oo,0,28 1,11,27 40,30,14 2,4,8 39,37,33 6,15,18 
A 0 1 2 3 4 5 6 
S 35,26,23 24,25,29 17,16,12 32,37,38 9,4,3 5,21,39 36,20,2 
A 8 7 9 13 11 25 32 
S 9,20,28 32,21,13 10,19,31 31,22,10 16,26,40 25,15,1 33,35,7 
A 19 24 38 29 34 21 28 
S 8,6,34 12,23,30 29,18,11 22,36,3 19,5,38 14,17,34 27,24,7 
A 18 36 12 37 30 23 31 
Starter and adder for a KS3(48; 2,4) 
S oo,0,19 00,0,28 1,2,4 46,45,43 5,6,29 42,41,18 3,9,22 44,38,25 
A 0 I 2 3 4 5 6 7 
S 14,31,36 33,16,11 20,30,42 27,17,5 12,16,33 35,31,14 38,41,46 9,6,1 
A 8 9 10 11 17 23 22 34 
S 8,15,21 39,32,26 44,11,18 3,36,29 27,35,45 20,12,2 17,26,37 30,21,10 
A 44 29 20 28 32 24 45 39 
s 32,34,43 15,13,4 10,24,28 37,23,19 13,25,40 34,22,7 7,23,39 40,24,8 
A 40 30 13 42 41 19 35 31 
for the complements.) Since there exist three mutually orthogonal Latin squares of  side 
n for n E {15, 18,24,30}, we use Theorem 2.4 to construct KS3(3n;2,4) which contain 
as a subarray a KS3(3;2,4). [] 
Lemma 4.10. There exist KS3(v;2,4) for  v=78 and v= 102. 
Proof. Since there exists a (2,4; 3, 6, 3)-frame with a pair of  complete ordered parti- 
tionable transversals, Lemma 4.6(i), three mutually orthogonal Latin squares of  side 
4, an IA(5,1,5),  a KS3(15;2,4) which contains as a subarray a KS3(3;2,4) and a 
KS3(6;2,4) there exists a KS3(v;2,4) for v=3 • 6 • 4 + 3 + 3 =78 by Theorem 2.4. 
Similarly, if  we use the (2,4;3, 8,3)-frame with a pair of  complete ordered partition- 
able transversals, Lemma 4.6(ii), and m = 4 and Yj = k = 1 in Theorem 2.4, there is a 
KS3(v;2,4) for v=3.8 .4+3+3=102.  [] 
Next, we complete the spectrum for v---0 (mod 3) and v ~< 117 (with at present wo 
possible exceptions). 
Lemma 4.11. Let v=0(mod3)  and 3~<v~<117. There exists a KS3(v;2,4) except 
possibly for  v E {60, 69}. 
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Table 3 
KS3(3n;2,4) for 1 ~<n~<39 
211 
n 3 n Sub-KS3 (3; 2, 4) Construction 
1 3 Yes 4.3 
2 6 No 4.3 
3 9 No 4.3 
4 12 ? 4.3 
5 15 Yes 4.3 
6 18 9 4.3 
7 21 ? 4.3 
8 24 Yes 4.3 
9 27 Yes 4.3 
10 30 ? 4.3 
I 1 33 Yes 4.2 
12 36 Yes 4.2 
13 39 Yes 1.5(i) 
14 42 9 4.8 
15 45 Yes 4.9 
16 48 ? 4.8 
17 51 Yes 1.5(i) 
18 54 Yes 4.9 
19 57 Yes 4.2 
20 60 ? ? 
21 63 Yes 1.5(i) 
22 66 ? 1.5 
23 69 ? 
24 72 Yes 4.9 
25 75 Yes 4.2 
26 78 ? 4.10 
27 81 Yes 2.2 
28 84 Yes 4.2 
29 87 Yes 1.5(i) 
30 90 Yes 4.9 
31 93 Yes 4.2 
32 96 ? 2.5, m = 19, n=5 
33 99 Yes 1.5(i) 
34 102 '~ 4.10 
35 105 ? 2.10,105 = 3 • 34 + 3, {5, 7}-GDD of type 476 * 
36 106 Yes 4.2 
37 109 Yes 4.2 
38 114 ? 2.10,114=3 • 37 + 3, {5, 6}-GDD of type 752 * 
39 117 Yes 2.4 using a complementary KS3(39; 1,2) 
Proof. The constructions are described in Table 3. Table 3 also contains a list of 
KS3(v; 2,4) which contain as a subarray a KS3(3; 2,4) for 12 ~<v~< 117. (A necessary 
condition for a KS3(v;2,4) to contain a KS3(3;2,4) as a subarray is v>~12, [11]). O 
The  remain ing  cases  can  all be  const ruc ted  us ing  the  two  group  d iv i s ib le  des ign  
const ruc t ions ,  Theorem 2.9 and  Coro l la ry  2.10.  Resu l t s  on  the  ex is tence  o f  sets  o f  
mutua l ly  o r thogona l  La t in  squares  or t ransversa l  des igns  can  be  found  in [1]. 
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Lemma 4.12. Let n EN and n~>40. There exists a KS3(3n;2,4). 
Proof. The constructions are described in detail in Table 4. In each case, we use 
Lemma 4.7 to construct a group divisible design. The groups, G, and the blocks, K, 
are listed in Table 4. There exist (2, 4; 3, k, 3)-frames for k E K by Lemma 4.5, and the 
existence of KS3(3g + 3; 2,4) for 9 E G is provided by Lemma 4.11. Note that Table 3 
also contains the necessary information on sub-KS3(3;2,4)s. (The notation 9* in the 
group type in Tables 3 and 4 means that there is only one group of type 9 in the 
group divisible design.) [] 
Combining these results, we have determined the spectrum of KS3(v; 2,4) with at 
most two possible exceptions. 
Theorem 4.13. Let v-0(mod3) .There  exists a KS3(v;2,4) except possibly for 
v C {60, 69}. 
Table 4 
KS3(3n;2,4) for n CN and n~>40 
n 3n Construction GDD K G 
40 120 3 -39 + 3 39=5.7  + 4 5,6 
42 126 3.41 +3 41=5.7+6 5,6 
44 132 3.43 +3 43=5.8+3 5,6 
47 141 3 .46+3 46=5.8+6 5,6 
48 144 3.47 + 3 47=5-8  + 7 5,6 
52 156 3-51 +3 51=6.8+3 6,7 
53 159 4.4 
54 162 3.53 + 3 53 =6.8  + 5 6,7 
55 165 3 • 54 + 3 54=6.8  + 6 6,7 
58 174 3 -57+3 57=7.8+ 1 7,8 
59 174 3 .58+3 58=7.8+2 7,8 
62 186 3.61 +3 61 =7-8+5 7,8 
66 198 3.65 + 3 65=7.9+2 7,8,9 
68 204 3 .67+3 67=7.9+4 7,8,9 
69 207 4.4 
70 210 3.69 + 3 69=7.9  + 6 7,8,9 
71 213 3 .70+3 70=6.11  +4 6,7 
77 231 4.4 
80 240 3 .79+3 79=7.11  +2 7,8 
85 255 4.4 
86 258 3 .85+3 85=7.11  +8 7,8 
87 261 3 .86+3 86=7.11  +9 7,8 
90 270 3 .89+ 3 89=8.11  + 1 8,9,11 
93 279 4.4 
94 282 3.93 + 3 93 = 8- 11 + 5 8,9, 11 
95 285 3 .94+3 94=8.11  +6 8,9, l l  
98 299 3 -97+3 97=7.13  +6 7,8,13 
7,4* 
7,6* 
8,3* 
8,6* 
8,7* 
8,3* 
8,5* 
8,6* 
7,8* 
8,2* 
8,5* 
7,2* 
7,4* 
7,6* 
11,4" 
11,2" 
11,8" 
11,9" 
8,9* 
8,5* 
8,6* 
7, 6* 
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Table 4. Continued. 
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n 3n Construction GDD K G 
104 
106 
107 
12 
13 
14 
15 
16 
18 
19 
123 
124 
125 
126 
128 
129 
130 
138 
140 
141 
142 
143 
146 
147 
148 
149 
150 
155 
156 
159 
160 
161 
164 
165 
166 
167 
168 
170 
173 
174 
175 
178 
179 
182 
184 
186 
187 
191 
192 
194 
195 
312 
318 
321 
336 
339 
342 
345 
348 
354 
357 
369 
372 
375 
378 
384 
387 
390 
414 
420 
423 
426 
429 
438 
441 
444 
447 
45O 
465 
468 
477 
48O 
483 
492 
495 
498 
501 
5O4 
510 
519 
522 
525 
534 
537 
546 
552 
558 
561 
573 
576 
582 
585 
3-103+3 
3 .105+3 
3. 106+3 
3 .111+3 
4.4 
3 113+3 
3 114+3 
3 115+3 
3 117+3 
3 118+3 
3 122+3 
3 123+3 
4.4 
3 .125+3 
3 .127+3 
4.4 
3 .129+3 
3-137+3 
3 -139+3 
4.4 
1.5 
3 .142+3 
3 .145+3 
3 .146+3 
3-147+3 
4.4 
3 -149+3 
3 -154+3 
3 .155+3 
3 .158+3 
3 .159+3 
4.4 
3 .163+3 
4.4 
3 .165+3 
3 .166+3 
3 .167+3 
3. 169+3 
4.4 
3 .173+3 
3-174+3 
3 .177+3 
3 .178+3 
3 .181+3 
3 .183+3 
3 .185+3 
3 .186+3 
3 .190+3 
3-191 +3 
3 .193+3 
3. 194+3 
103--7.13+ ll 7,8,13 7,11" 
105--5- 16 + 18 + 7 5,6,7 16, 18,7 
106= 8.13 + 2 8,9, 13 8,2* 
111 -8"  13 +7 8,9, 13 8,7 
113=7 16+1 
114=7 16+2 
115=7 16+3 
117--7 16+5 
118=7 16+6 
122=7 16+10 
123=7 16+11 
125=7"16+ 13 
127= 7.16 + 15 
129=7.16+ 10+7 
137 8 -16+9 
139 8 .16+11 
142=7.19+9 
145 = 7.19 + 12 
146=7-19+13 
147=7"19+7+7 
149--7 .19+ 16 
154-8 .19+2 
155-8 .19+3 
158=8.19+6 
159=8-19+7 
163=8.19+ II 
165=7.23+4 
166-- 7.23 + 5 
167=8.19+ 15 
169--7-23 + 8 
173=7.23 + 12 
174=7.23 + 13 
177=7-23 +8+8 
178=7-23 + 10+7 
181 -7 -23+ 10+ 10 
183=7.23+10+ 12 
185=7.23+ 12+ 12 
186- -7 .23+10+15 
190--7 "23+11 + 18 
191 =7.23+12+18 
193=7,23 + 12 +20 
194--7,23 + 18 + 15 
7,8,16 
7,8 
7,8 
7,8 
7,8 
7,8 
7,8 
7,8 
7,8,15,16 
7,8,9 
8,9 
8,9 
7,8,9,19 
7,8,12,19 
7,8,13,19 
7,8,9,19 
7,8,16, 19 
8,9,19 
8,9,19 
8,9,19 
8,9,19 
8,9,19 
7,8 
7,8,5,23 
8,9,19 
7,8 
7,8 
7,8 
7,8 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8,9 
7,8* 
16,2" 
16,3" 
16,5" 
16,6" 
16, 10" 
16,11" 
16,13" 
7,8 
7,10,16 
16,9" 
16,11" 
7,8 
7,8 
7,8 
7,8 
7,8 
8,2* 
8,3* 
8,6* 
8,7* 
8,11" 
23,4* 
7,8 
8, 15" 
23,8* 
23, 12" 
23, 13" 
23,8 
23, 10",7" 
23, 10 
23, 10, 12 
23, 12 
23, 10, 15" 
23,11,18 
23, 12, 18 
23, 12,20 
23, 15",18 
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Table 4. Continued. 
n 3n Construction GDD K G 
196 588 3 • 195 + 3 195 =7.23  + 18 + 16 7,8,9 23, 16, 18 
197 591 4.4 
202 606 3 • 201 + 3 201 = 7 .23  + 20 + 20 7, 8, 9 23, 20 
205 615 4.4 
211 633 3 .210+ 3 210=7.27+ 11 + 10 7,8,9 27,11, 10 
212 636 3.211 +3 211 =7.27+ 11 + 11 7,8,9 27,11 
213 639 4.4 
214 642 3 - 213 + 3 213 = 7 .27  + 12 + 12 7, 8, 9 27, 12 
216 648 3 .215 + 3 215 =7.27  + 11 + 15 7, 8,9 27, 11, 15" 
219 657 3 .218+3 218=7.27  + 11 + 18 7,8,9 27,11,18 
220 660 3 .219  + 3 219=7-27  + 12 + 18 7,8,9 27, 12, 18 
222 666 3 • 221 + 3 221 = 7 .27  + 11 + 20 7, 8, 9 27, 11,20 
230 690 3 • 229 + 3 229 = 7 .27  + 16 + 24 7, 8,9 27, 16,24 
238 714 3 • 237 + 3 237 = 7 .27  + 24 + 24 7, 8, 9 27, 24 
239 717 3. 238 + 3 238 = 7 .27  + 23 + 26 7, 8, 9 27, 26, 23 
240 720 3 • 239 + 3 239 = 7 .27  + 24 + 26 7, 8, 9 27, 26, 24 
242 726 3 • 241 + 3 241 = 7 .27  + 26 + 26 7, 8, 9 27, 26 
245 735 4.4 
247 741 3 • 246 + 3 246 = 7- 29 + 20 + 22 7, 8, 9 29, 23, 20 
250 750 3 • 249 + 3 249 = 7 .29  + 23 + 23 7, 8, 9 29, 23 
256 768 3 • 255 + 3 255 = 7 .29  + 26 + 26 7, 8, 9 29, 26 
257 771 4.4 
259 777 3 • 258 + 3 258 = 7 .29  + 29 + 26 7, 8, 9 29, 26 
263 789 3 • 262 + 3 262 = 11 • 23 + 9 11, 12, 23, 9 11,9* 
264 792 3. 263 + 3 263 = 11 • 23 + I 0 11, 12 10, 23 
266 798 3 • 265 + 3 265 = 11 - 23 + 12 11, 12 12, 23 
268 804 3 • 267 + 3 267 = 11 • 23 + 7 + 7 11, 12, 13 7,23 
272 816 3.271 +3 271=11.23  +8+ 11 11, 12, 13 23,11,8 
273 819 4.4 
274 822 3 .273 + 3 273 = 11.23 + 10 + 10 11, 12, 13 23, 10 
282 846 3.281 +3 281 =11.23  + 12+ 16 11,12,13 23,16,12 
290 870 3 • 289 + 3 289 = 11 • 23 + 20 + 16 11, 12, 13 23, 16,20 
292 876 3.291 + 3 291 = 11.23 + 20 + 18 11, 12, 13 23, 18,20 
294 882 3 • 293 + 3 293 = 11 • 23 + 20 + 20 11, 12, 13 23, 20 
305 915 4.4 
310 930 3 • 309 + 3 309 = 11 • 27 + 8 + 4 11, 12, 13 27, 8,4 
312 936 3.311 +3 311 =11.27+7+7 11,12,13 27,7 
314 942 3-313 + 3 313 = 11.27 + 8 + 8 11,12, 13 27,8 
318 954 3 .317  + 3 317= 11.27 + 12 + 8 11, 12, 13 27, 12,8 
319 957 3 .318+3 318= 11 .27+ 10+ 11 11, 12, 13 27, 10,11 
320 960 3 .319  + 3 319= 11.27 + 10 + 12 11, 12, 13 27, 10,12 
322 966 3 . 321 + 3 321 = 11.27 + 12 + 12 1l, 12, 13 27, 12 
326 978 3. 325 + 3 325= 11.27 + 10 + 18 11, 12, 13 27, 10, 18 
327 981 3 .326+3 326=11.27+11 +18 11,12,13 27,11,18 
335 1005 3 • 334 + 3 334 = 11 . 27 + 11 + 26 11, 12, 13 27, 11,26 
340 1020 3 .339 + 3 339= 11.27 + 16 + 26 11, 12, 13 27, 16,26 
349 1047 4.4 
354 1062 3 .353 +3 353=11.31+ 12 11,12 31,12 
362 1086 3.361 + 3 361 = 11.31 + 8 + 12 11, 12, 13 31, 12,8 
363 1089 3 -362+3 362=11.31+ 10÷11 11,12,13 31,11,10 
380 1140 3- 379 + 3 379= 11 • 31 ÷ 12 ÷ 26 I1, 12, 13 31, 12,26 
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Table 4. Continued. 
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n 3n Construction GDD K G 
381 1143 4.4 
383 1149 3-382 + 3 
398 1194 3-391 + 3 
402 1206 3.401 + 3 
412 1236 3.411 + 3 
428 1284 3.427 + 3 
429 1287 4.4 
438 1314 3.437 + 3 
440 1320 3.439 + 3 
445 1335 4.4 
446 1338 3.445 + 3 
447 1341 3.446 + 3 
454 1362 3.453 + 3 
458 1374 3.457 + 3 
382= II .31 + 15+26 ll,12,13 31, 15",26 
391 : l l  .31 +24+26 11,12,13 31,26,24 
401 : I1.32 + 23 + 26 11,12, 13 32,26.23 
411:11-32+30+29 11,12,13 32,30,29 
427=7.61 7,61 7 
437-7-61 + 10 7,8,61 7, 10' 
439-7-61 + 12 7,8,61,12 7,8 
445 7.61 + 18 7,8,61 7,18" 
446--7.61 + 19 7,8,19,61 7,8 
453 - 7" 61 + 26 7, 8, 61 7, 26 
457-7.61 + 30 7,8,61 7,30 
Appendix 
We list starters and adders for KS3(v;2,4) for v E {12, 18,21,24,30}. 
KS3(12; 2,4): 
KS3(18; 2,4): 
S ~,0 ,1  
A 0 
S ~,0 ,  16 
A 4 
KS3(21 ;2, 4): 
S oo, 0, 10 
A 0 
S ~,0 ,  10 
A 11 
S oo,7,10 1,2,4 2,6,8 3,7,9 
A 0 10 7 6 
S 0,1,3 oo,0,8 5,6,10 4,5,9 
A 5 3 2 ! 
2,3,7 4,6,12 5,11,14 8,10,15 9,13,16 
7 16 10 15 3 
15,14,10 13, l 1,5 12,6,3 9,7,2 8,4,1 
14 5 l l  6 1 
1,2,3 4,9,16 5,7,19 6,12,15 8,13,17 11,14,18 
3 5 12 1 15 4 
19,18,17 16,11,4 15,13,1 14,8,5 12,7,3 9,6,2 
8 6 19 10 16 7 
KS3(24; 2, 4): 
S oe, 0, 1 2,3,5 
A 0 7 
S cx~,0,22 21,20, 18 
A 6 22 
4,6,14 7,13,18 8,16,22 9,12,19 10,17,21 11,15,20 
13 18 21 9 5 19 
19,17,9 16,10,5 15,7,1 14,11,4 13,6,2 12,8,3 
16 11 8 20 1 10 
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KS3(30; 2,4): 
S cxD,0, 1
A 0 
2,3,5 4,6,11 7,1322 8,16,26 
10 14 15 8 
S 9,20,25 10,17,23 12,21,24 14, 18,28 15, 19,27 
A 18 16 11 3 21 
S cx~,0,28 27,26,24 25,23,18 22,16,7 21,13,3 
A 9 28 24 23 1 
S 20,9,4 19,12,6 17,8,5 15,11,1 14,10,2 
A 20 22 27 6 17 
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